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ON SIGN EMBEDDINGS AND NARROW OPERATORS ON
L2
BEATA RANDRIANANTOANINA
Dedicated to the memory of James E. Jamison
Abstract. The goal of this note is two-fold. First we present a brief
overview of “weak” embeddings, with a special emphasis on sign em-
beddings which were introduced by H. P. Rosenthal in the early 1980s.
We also discuss the related notion of narrow operators, which was in-
troduced by A. Plichko and M. Popov in 1990. We give examples of
applications of these notions in the geometry of Banach spaces and in
other areas of analysis. We also present some open problems.
In the second part we prove that Rosenthal’s celebrated characteri-
zation of narrow operators on L1 is also true for operators on L2. This
answers, for p = 2, a question posed by Plichko and Popov in 1990. For
1 < p < 2 the problem remains open.
1. A brief overview of “weak” embeddings and narrow
operators
Isomorphisms and isomorphic embeddings are a “best” kind of an opera-
tor (in this note, an operator will always mean a bounded linear operator)
between function spaces and Banach spaces in the sense that they preserve
many properties of the spaces on which they operate. A natural question
to consider is whether it is possible to identify a class (or classes) of opera-
tors that is wider than isomorphic embeddings, and still preserves important
properties of spaces on which they operate, or whose existence would im-
ply an existence of an isomorphic embedding of a substantial subspace of
the domain. It turns out that such classes do exist, at least for some suffi-
ciently good Banach or function spaces. They are sometimes referred to by
an umbrella term of “weak embeddings”. They became an interest of many
mathematicians since late 1970s.
Throughout this note all Banach spaces can be real or complex. We use
standard notation, we refer the reader to [1] for all undefined notions and
notation.
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1.1. Definitions of various notions of “weak” embeddings. The first
notion of this type, a semi-embedding (an injective operator is a semi-
embedding if the image of the closed unit ball of the domain space is closed)
was introduced by Lotz, Peck and Porta [13], who used it to study prop-
erties of c0 and C(K), for K compact. In particular, they showed that a
compact space K is scattered if and only if all one-to-one Tauberian op-
erators from C(K) into arbitrary Banach spaces are isomorphisms, which
answered a question of Kalton and Wilansky [9]. They also proved that ev-
ery semi-embedding of C[0, 1] is an isomorphism when restriced to a suitable
complemented subspace isomorphic to C[0, 1].
In the early 1980s two additional notions of weak embeddings were in-
troduced and studied. Bourgain and Rosenthal [3] defined Gδ-embeddings
as injective operators such that the image of every closed bounded set is
a Gδ-set, and Rosenthal [19] defined sign embeddings as injective operators
such that there exists δ > 0 with ‖Tx‖ ≥ δ‖x‖ for every sign x in X, where,
if X is a Ko¨the function space on [0, 1], e.g. X = Lp[0, 1] for 1 ≤ p ≤ ∞, a
sign x is a measurable function in X which only attains values from the set
{1,−1, 0}, i.e. x = 1A1 − 1A2 for some measurable disjoint sets A1 and A2
(we use the symbol 1A to denote the characteristic function of the set A).
1.2. Examples of applications of weak embeddings. The study of
weak embeddings has many applications in the geometry of Banach spaces
and in related areas. We do not have the space here to list all such applica-
tions in the literature, but we do want to mention some examples.
As one of the first applications of sign embeddings Bourgain and Rosen-
thal [3] deduced a stronger version of the classical theorem of Menchoff [14]
in harmonic analysis that there exists a singular probability measure on the
circle with Fourier coefficients vanishing at infinity, and the measure may be
chosen to be singular with respect to any pre-assigned probability measure
with non-vanishing Fourier coefficients.
As another application, Bourgain and Rosenthal [3] also proved that if X
is a subspace of L1, then either L1 embeds in X, or ℓ1 embeds in L1/X.
Note that in some sense this is the optimal result, since later Talagrand [22]
showed an example of a subspace Z of L1 so that L1 does not embed in
neither Z nor L1/Z.
The study of sign embeddings on L1 allowed Rosenthal [21] to prove the
following analog of James’s fundamental ℓ1 Distortion Theorem.
Theorem 1.1. Let X be a subspace of L1, such that X is isomorphic to
L1. Then, for every ε > 0, there exists a subspace Y of X, so that Y is
(1 + ε)-isomorphic to L1.
Theorem 1.1 is somewhat surprising and quite remarkable, since Linden-
strauss and Pe lczyn´ski [11] proved that the space L1 is distortable, that is
there exists an equivalent renorming ||| · ||| of L1 and a δ > 0 so that no
subspace of X = (L1, ||| · |||) is (1+δ)-isomorphic to L1 with the usual norm.
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More recently, Dosev, Johnson and Schechtman [4] proved another result
about the structure of sign embeddings on Lp for 1 < p < 2 (see Theorem 1.8
below), and used it to characterize commutators on Lp for 1 ≤ p <∞.
Many other applications of weak embeddings have been obtained, in par-
ticular in connection with the Radon-Nikodym Property, the Krein-Milman
Property, and the Daugavet Property.
1.3. Definition of narrow operators. In 1990, Plichko and Popov [17]
coined the term narrow operator to mean an operator which is, in a sense
that we explain below, an “opposite” of a sign embedding.
Before we give the formal definition of narrow operators, let us clarify
a somewhat confusing usage of the term sign embedding in the literature.
As we mentioned above, sign embeddings were first named and defined by
Rosenthal in [19] as injective operators on L1 (the definition also makes
sense for Lp, 1 ≤ p ≤ ∞) such that there exists δ > 0 with ‖Tx‖ ≥ δ‖x‖ for
every sign x in L1. In [16] the term sign embedding was used for operators
on Lp, 1 ≤ p ≤ ∞, which satisfy the same condition as sign embeddings of
[19], but are not necessarily injective. In [21] Rosenthal defined a similar
notion which he called a sign-preserving operator (or a norm-sign-preserving
operator in [7]). An operator T , which is not necessarily injective, on L1 (or,
analogously, on Lp, 1 ≤ p ≤ ∞) is called sign-preserving if there exists δ > 0
and there exists a set A of positive measure so that ‖Tx‖ ≥ δ for every sign x
with suppx = A and
∫
x dµ = 0. However, in [4] the operators satisfying the
latter condition were called sign embeddings instead of sign-preserving. The
reason that this does not lead to too much confusion, despite the fact that
the above three notions are distinct from each other, is that Rosenthal in
[20] proved that if there exists a sign-preserving operator T : L1 → X, then
there exists a set B of positive measure, so that T
∣∣
L1(B)
is a sign embedding
in the sense of [19]. An analogous result is valid in Lp, 1 ≤ p < ∞, see
[15, 18] for a full discussion, examples illustrating differences between the
different definitions, and proofs. Thus, since for every set B ⊆ [0, 1] of
positive measure, Lp[0, 1] and Lp(B) (with the measure scaled so that B is
of measure 1) are isometrically isomorphic to each other, all results about
properties and existence of sign embeddings on Lp are valid in the sense of
each of the above definitions.
In the sequel we will follow the convention of [16].
Definition 1.2. Let 1 ≤ p <∞, and X be a Banach space. We say that a
(not necessarily injective) operator T : Lp → X is a sign embedding if there
exists δ > 0 so that ‖Tx‖ ≥ δ‖x‖ for every sign x in Lp, where a sign is any
measurable function on [0, 1] with values in the set {1,−1, 0}.
Plichko and Popov [17] defined narrow operators as the operators which
are not sign-preserving, that is they introduced the following definition.
Definition 1.3. [17] Let 1 ≤ p <∞, andX be a Banach space. We say that
an operator T : Lp → X is narrow if for every ε > 0 and every measurable
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set A ⊆ [0, 1] there exists a sign x ∈ Lp with suppx = A and
∫
x dµ = 0, so
that ‖Tx‖ < ε.
Before the work of Plichko and Popov, the study of sign embeddings was
more a study of “sign embeddability” and mainly concentrated on questions
of the type: if there exists a sign embedding of X into Y , does there exist
an isomorphic embedding of X into Y ? Plichko and Popov shifted the focus
to the study of properties of the operators themselves.
It is easy to see that every compact operator is narrow, cf. [17, 18].
On the other hand if T : Lp[0, 1] → X, 1 ≤ p <∞, is a narrow operator,
then for each subset A of [0, 1] of positive measure and for each ε > 0, there
exists a subspace E of Lp(A) so that E is isomorphic to Lp and such that
the restriction T1 = T
∣∣
E
of T to the subspace E is a compact operator and
‖T1‖ < ε (for p = 1 see [21], for general p see [18, Proposition 2.19]).
However in general the class of narrow operators is much larger than that
of compact operators. All spaces X that admit a non-compact operator
from Lp to X also admit a narrow non-compact operator from Lp to X [18,
Corollary 4.19]. Actually, even a stronger fact is true. For all 1 ≤ p ≤ ∞,
there exists a non-strictly singular operator T : Lp → Lp, so that T is narrow.
Indeed, the conditional expectation from Lp([0, 1]
2) onto the subspace of all
functions depending on the first variable only is such an operator, [17, 10],
see also [18, Section 4.2].
1.4. Characterizations of narrow operators. It is a natural and a very
interesting question to find conditions on an operator T which would char-
acterize that T is narrow.
The most complete answer to this question was proved by Rosenthal [21]
for operators from L1 to L1.
Theorem 1.4. An operator T : L1 → L1 is narrow if and only if for
each measurable set A ⊆ [0, 1] the restriction T
∣∣
L1(A)
is not an isomorphic
embedding.
We note that in Theorem 1.4 it is important that the codomain space
is L1. Indeed, it follows from [22] that there exists a Banach space X
and a non-narrow operator T : L1 → X so that for each measurable set
A ⊆ [0, 1] the restriction T
∣∣
L1(A)
is not an isomorphic embedding (cf. [18,
Corollary 8.25]). For the general codomain space Bourgain and Rosenthal
[3] proved the following result.
Theorem 1.5. Let X be any Banach space. Then every ℓ1-strictly singular
operator T : L1 → X is narrow.
Recall, that if E,F,Z are infinite-dimensional Banach spaces then an
operator T : E → F is called Z-strictly singular (resp. strictly singular) if
for every subspace E1 ⊆ E so that E1 is isomorphic to Z (resp. so that E1 is
infinite-dimensional), the restriction T
∣∣
E1
is not an isomorphic embedding.
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Motivated by Theorems 1.4 and 1.5, it is natural to ask the following ques-
tions, which were originally stated in [17], see also [18] for a more detailed
discussion.
Problem 1.6. Suppose 1 ≤ p <∞, X is a Banach space, and an operator
T : Lp → X satisfies one of the following (progressively stronger) conditions.
(a) Lp-strictly singular, or
(b) ℓ2-strictly singular, or
(c) strictly singular.
Does it follow that T is narrow?
We start from a simple observation that for operators from L2 to L2 the
answer to Problem 1.6 (when p = 2, conditions (a),(b),(c) are all the same)
is positive since all strictly singular operators from L2 to L2 are compact
and, therefore, narrow.
When p > 2 and X = Lp, the answer to Problem 1.6(a) is negative, as
illuminated in the following example.
Example 1.7. Let p > 2 and T = S ◦ J where J : Lp → L2 is the inclusion
embedding and S : L2 → Lp is an isomorphic embedding. Then T is Lp-
strictly singular and not narrow. (Also, for all p > r ≥ 1, the inclusion
J : Lp → Lr is not narrow.)
When p = 1 and X = L1, the answer to Problem 1.6(a) is positive and
follows from a result of Enflo and Starbird [5], cf. also Rosenthal’s Theo-
rems 1.1 and 1.4 stated above, which were proved in [21]. As we mentioned
earlier, Talagrand [22] gave an example of a Banach space X for which the
answer to Problem 1.6(a) is negative when p = 1.
When 1 < p < 2, and X = Lp, the answer to Problem 1.6(a) is positive
and was first explicetly stated by Bourgain [2, Theorem 4.12, item 2], who
remarked that it can be deduced from the proof of a related result of John-
son, Maurey, Schechtman and Tzafriri [8], even though it is not explicitely
stated there (details of necessary adjustments were not presented). Recently
Dosev, Johnson and Schechtman [4] proved the following strengthening of
the related result from [8], which gives a very strong positive answer to
Problem 1.6(a) for 1 < p < 2, and X = Lp.
Theorem 1.8. For each 1 < p < 2 there is a constant Kp such that if
the operator T : Lp → Lp is not narrow (and in particular, if T is an
isomorphism) then there is a Kp-complemented subspace X of Lp which is
Kp-isomorphic to Lp and such that T
∣∣
X
is a Kp-isomorphism and T (X) is
Kp complemented in Lp.
It follows from Example 1.7, that for 1 < p < 2 and a general Banach
space X, the answer to Problem 1.6(a) can be negative. We are not aware of
any work in the literature characterizing which Banach spaces would yield
an affirmative answer for 1 < p < 2.
Problem 1.6(b) is open in general, but there are two (incomparable) sit-
uations when the answer is known to be positive.
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Flores and Ruiz [6] proved the following result.
Theorem 1.9. Let 1 ≤ p < ∞, and F be an order continuous Banach
lattice. Then every regular ℓ2-strictly singular operator T : Lp → F is
narrow.
Recall that an operator between Banach lattices is called regular if it is a
difference of two positive operators.
For the codomain space which is not necessarily a Banach lattice, Mykhay-
lyuk, Popov, Schechtman, and the present author [16] proved the following
result.
Theorem 1.10. Let 1 < p < ∞, and X be a Banach space with an un-
conditional basis. Then every ℓ2-strictly singular operator T : Lp → X is
narrow.
We are not aware of any results in the literature concerning Problem 1.6(c)
beyond what we mentioned above. We do consider it a very interesting
problem.
Another interesting problem, which was first posed by Plichko and Popov
in [17], is whether an analogue of Theorem 1.4 is valid for 1 < p ≤ 2.
Problem 1.11. Suppose 1 < p ≤ 2, and an operator T : Lp → Lp is such
that for every measurable set A ⊆ [0, 1] the restriction T
∣∣
Lp(A)
is not an
isomorphic embedding. Does it follow that T is narrow?
The remainder of this paper is devoted to the positive answer to Prob-
lem 1.11 for the case when p = 2.
We hope that this brief overview will encourage the readers to answer
some of the many remaining open problems in this area of study. For exam-
ple, it is not known whether every narrow operators has an invariant sub-
space. It also may be interesting to investigate whether semi-embeddings
and/or Gδ-embeddings may be useful in the setting of spaces of analytic
functions, and whether there exists a meaningful analog of sign embeddings
and narrow operators in this setting; we note that in [16] narrow opera-
tors on Lp, 1 < p < 2, were characterized using functions with a controlled
growth, instead of sign functions. We refer the reader to [18] where many
more open problems and directions of study are discussed.
2. New results
In this section we prove that Problem 1.11 has a positive answer when
p = 2, i.e. we prove the following result.
Theorem 2.1. An operator T : L2 → L2 is narrow if and only if for
each measurable set A ⊆ [0, 1] the restriction T
∣∣
L2(A)
is not an isomorphic
embedding.
Before we start the proof of Theorem 2.1 we present a slight weakening of
the notion of a narrow operator and a structural result proved in [16], both
of which will be useful for our proof.
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Definition 2.2. Let 1 ≤ p <∞ and X be a Banach space. We say that an
operator T : Lp → X is somewhat narrow if for each A ⊆ [0, 1] of positive
measure, and each ε > 0, there exists a set B ⊆ A of positive measure and
a sign x with suppx = B such that ‖Tx‖ < ε‖x‖.
Obviously, each narrow operator is somewhat narrow. The inclusion em-
bedding J : Lp → Lr where 1 ≤ r < p < ∞ is an example of a somewhat
narrow operator which is not narrow. However, for operators from Lp to
Lp, where 1 ≤ p ≤ 2, these two notions are equivalent as was shown in [16,
Theorem 2.2].
Theorem 2.3. Let 1 ≤ p ≤ 2. Then an operator T : Lp → Lp is somewhat
narrow if and only if it is narrow.
We observe that the following fact follows directly from our defintions.
Lemma 2.4. Let 1 ≤ p < ∞ and X be a Banach space. An operator
T : Lp → X is somewhat narrow if and only if for each set A of positive
measure, the restriction T
∣∣
Lp(A)
is not a sign embedding in the sense of
Definition 1.2.
We denote by (hn)
∞
n=1, the L∞-normalized Haar system, i.e. for n =
0, 1, 2, . . . and k = 1, . . . , 2n,
h2n+k = 1In+1,2k−1 − 1In+1,2k ,
where In,k denotes the dyadic interval In,k =
[k − 1
2n
,
k
2n
)
. Note that in this
notation, h1 = 1[0,1) is the constant-1 function on [0, 1).
We denote by (hn) and (h
∗
n), the Lp- and Lq-normalized Haar functions
respectively, where 1 ≤ p <∞ and 1/p + 1/q = 1.
We are now ready to state the main “structural” result which was proved
in [16, Proposition 3.1].
Proposition 2.5. [16] Suppose 1 ≤ p < ∞, X is a Banach space with a
basis (xn), T : Lp → X is such that there exists δ > 0 so that ‖Tx‖ ≥ 2δ for
each sign x ∈ Lp with suppx = [0, 1] and
∫
x dµ = 0. Then for each ε > 0
there exist an operator S : Lp → X, a normalized block basis (un) of (xn)
and real numbers (an) such that
(1) Shn = anun for each n ∈ N with a1 = 0;
(2) ‖Sx‖ ≥ δ, for each sign x ∈ Lp with suppx = [0, 1] and
∫
x dµ = 0;
(3) there exists a measure preserving homeomorphism σ : [0, 1] → [0, 1],
so that ‖Sx‖ ≤ ‖T (x ◦ σ)‖+ ε for every x ∈ Lp with ‖x‖ = 1;
(4) there are finite codimensional subspaces Xn of Lp such that ‖Sx‖ ≤
‖T (x ◦ σ)‖+ 1/n for every x ∈ Xn with ‖x‖ = 1.
If, moreover, ‖Tx‖ ≥ 2δ‖x‖ for every sign x, then |an| ≥ δ for each n ≥ 2.
Remark 2.6. We note that the statement of item (3) in [16, Proposition 3.1]
was formulated slightly differently than above. In [16] we said that there
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exists a sign preserving isometry V of Lp[0, 1] so that ‖Sx‖ ≤ ‖T (V x)‖+ ε
for every x ∈ Lp with ‖x‖ = 1. It is well known (and easy to verify) that
every sign preserving isometry V of Lp[0, 1], for 1 ≤ p < ∞, is of the form
V x = ω · x ◦ σ, where σ is a measure preserving homeomorphism of [0, 1]
onto itself, and ω is a weight function whose modulus is equal to 1 a.e.
In fact, the proof in [16] that an isometry V in item (3) exists, is really a
proof that there exists an appropriate measure preserving homeomorphism
σ of [0, 1] onto itself, and defining V (x) = x ◦ σ, for x ∈ Lp[0, 1] (using the
weight constantly equal to 1). In the sequel it will be convenient to use the
explicit form of the isometry V , so we elected to include it in the statement
of Proposition 2.5.
We are now ready for the main ingredient of the proof of Theorem 2.1.
Proposition 2.7. Suppose T : L2 → L2 is such that for every measurable
set A ⊆ [0, 1] the restriction T
∣∣
L2(A)
is not an isomorphic embedding. Then
T is not a sign embedding in the sense of Definition 1.2.
First, we note that Theorem 2.1 is an immediate corollary of Proposi-
tion 2.7, Lemma 2.4, and Theorem 2.3.
Proof of Proposition 2.7. Suppose that there exists an operator T : L2 → L2
which satisfies assumptions of Proposition 2.7 and is a sign embedding in
the sense of Definition 1.2, i.e. there exists δ > 0 so that for every sign
x ∈ L2
‖T (x)‖2 ≥ 2δ‖x‖2.
By Proposition 2.5, for ε = δ/4, X = L2 and xn = en, a fixed orthonormal
basis of L2, there exist an operator S : L2 → L2 and a measure preserving
homeomorphism σ : [0, 1] → [0, 1], which satisfy all conditions of Proposi-
tion 2.5, in particular |an| ≥ δ for all n ≥ 2. Since every normalized block
basis of (en) is isometrically equivalent to (en) itself (see e.g. [12, Proposi-
tion 2.a.1]), we may and do assume that un = en.
Let B = σ−1([0, 12)). Since T
∣∣
L2(B)
is not an isomorphic embedding,
there exists x ∈ L2([0,
1
2)) such that ‖x‖ = 1 and ‖T (x ◦ σ)‖ ≤
δ
4 . By (3) of
Proposition 2.5, we get that
(2.1) ‖Sx‖ ≤
δ
2
.
Recall that the L2-normalized Haar system (hn)n∈N is an orthonormal
basis for L2[0, 1] (see e.g. [1, p. 128]). Thus there exist coefficients (bn)
∞
n=0
such that
x = b01[0, 1
2
) +
∑
n∈M
bnhn,
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where M is the subset of N consisting of all n such that supphn ⊆ [0,
1
2).
Note that 1[0, 1
2
) =
1
2(h1 + h2). Thus
x =
1
2
b0h1 +
1
2
b0h2 +
∑
n∈M
bnhn.
Since ‖x‖ = 1, and (hn)n∈N is an orthonormal basis, we get
(2.2)
1
4
b20 +
1
4
b20 +
∑
n∈M
b2n = 1.
On the other hand, by (2.1) and properties of S we have
δ
2
≥ ‖Sx‖ =
∥∥∥1
2
b0a2e2 +
∑
n∈M
bnanen
∥∥∥
=
(1
4
b20a
2
2 +
∑
n∈M
b2na
2
n
) 1
2
≥ δ
(1
4
b20 +
∑
n∈M
b2n
) 1
2
.
Thus
(2.3)
1
4
b20 +
∑
n∈M
b2n ≤
1
4
.
Notice that (2.2) and (2.3) imply that
1
4
b20 ≥
3
4
,
but (2.3) implies that
1
4
b20 ≤
1
4
.
The resulting contradiction ends the proof. 
2.1. Final remarks. It is easy to see that Problem 1.11 has a negative
answer for 2 < p < ∞. Indeed, this is witnessed by the operator T defined
in Example 1.7. However, this operator is somewhat narrow for every 2 <
p <∞. Motivated by our proof of Theorem 2.1, it is courious to ask whether
for 2 < p < ∞ somewhat narrow operators could replace narrow operators
in Problem 1.11, i.e. if the following problem is true.
Problem 2.8. Suppose 2 < p < ∞, and an operator T : Lp → Lp is such
that for every measurable set A ⊆ [0, 1] the restriction T
∣∣
Lp(A)
is not an
isomorphic embedding. Does it follow that T is somewhat narrow?
Note that for 1 < p ≤ 2, by Theorem 2.3, Problems 2.8 and 1.11 are
identical.
We feel that an affirmative answer to Problem 2.8 would be a very strong
property of operators on Lp, 2 < p < ∞, thus the author chose not to
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formulate Problem 2.8 as a conjucture. A counterexample to Problem 2.8
would also be very interesting.
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